Global Entanglement for Multipartite Quantum States 
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Based on the residual entanglement [9] (Phys. Rev. A 71, 044301 (2005)), we present the global 
entanglement for a multipartite quantum state. The measure is shown to be also obtained by the 
bipartite partitions of the multipartite state. The distinct characteristic of the global entanglement 
is that it consists of the sum of different entanglement contributions. The measure can provide 
sufficient and necessary condition of fully separability for pure states and be conveniently extended 
to mixed states by minimizing the convex hull. To test the sufficiency of the measure for mixed 
states, we evaluate the global entanglement of bound entangled states. The properties of the measure 
discussed finally show the global entanglement is an entanglement monotone. 

PACS numbers: 03.67.-a ,03.65.-Ta 



I. INTRODUCTION 

Entanglement is an essential ingredient in the broad 
field of quantum information theory. Quantification of 
entanglement as a central problem in quantum informa- 
tion theory has attracted a lot of attention in recent 
years. 

A lot of methods to quantify entanglement have been 
proposed. For bipartite pure states, the partial entropy 
of the density matrix of a system defined by 



E{i:) = -rr(plog2 p) = -^(A, log2 A,), 



(1) 



can provide a good measure of entanglement, where p is 
the reduced density matrix obtained by trace over one of 
the subsystems, Xi is the ith eigenvalue of p. For mixed 
states, the entanglement of formation is defined by 



Ef{p) ^ min^p,£'(V'i) 



(2) 



with E{ipi) the entanglement measure for the pure state 
ipi corresponding to all the possible decompositions p = 
IV'i) (V'il- Eq.(2) is a complex constrained optimiza- 

i 

tion in mathematics, hence it is hard to compute for 
a general mixed states, even numerically. Fortunately, 
Wootters [1] has shown the remarkable concurrence for 
a bipartite system of two spin (or pseudo spin) half par- 
ticles, which can be well employed to estimate bipartite 
entanglement and sheds new light on the quantification 
of entanglement. Later, Armin Uhlmann [2] generalized 
the concurrence, and Koenraad Audenaert et al [3] de- 
fined a concurrence vector for bipartite systems in ar- 
bitrary dimension the length of which for pure states is 
proved by Wootters [4] to be equal to the I-concurrence 
introduced by Rungta et al [5] , whilst they presented an 
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effective method to extend the definition to the case of 
mixed states by minimizing the convex hull. 

There has also been ongoing efforts to investigate en- 
tanglement measure for multipartite states [6-12]. In Ref. 
[6-9] , the authors were focused on the genuine multipar- 
tite entanglement measure which embodies a collective 
property of multipartite systems. In Ref. [10], the au- 
thors extracted only the correlation between two subsys- 
tem among a given multipartite system. The authors 
in Ref. [11,12] only considered bipartite correlations be- 
tween single subsystems and the remainder, whilst they 
present the concept of global entanglement because ex- 
amples there showed that the entanglement measure does 
not vanish for semiseparable states. However, the mea- 
sure is only confined to the pure quantum systems of 
qubits. 

In this paper, starting with the residual entanglement 
[6,9], we present a quantity which is shown to consist 
of the sum of different entanglement contributions, and 
can also be considered as the sum of different correla- 
tions, unlike the entanglement measures given in Ref. 
[6-12]. In this sense, we also call it the global entan- 
glement. The global entanglement can provide a suffi- 
cient and necessary condition of full separability for pure 
states. Furthermore, the global entanglement happens to 
be conveniently obtained by the idea of bipartite parti- 
tion of a multipartite quantum states, which includes the 
case introduced in Ref. [11,12] (For tripartite systems of 
qubits, our global entanglement is equivalent to the orig- 
inal one). Extending the measure to mixed states by 
minimizing the convex hull, we obtain the lower bound 
analogous to those in Ref. [3] and Ref. [9]. As an ap- 
plication to test fully separability, we discuss the global 
entanglement of three bound entangled states introduced 
in [13,14,15], respectively. The properties of the global 
entanglement discussed finally shows that it is an entan- 
glement monotone. The paper is organized as follows: 
In section II, firstly, we present the global entanglement 
for multipartite pure states; secondly, we extend it to the 
case of mixed states; lastly, we discuss the properties of 
the measure. The conclusion is drawn in section III. 
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II. GLOBAL ENTANGLEMENT FOR 
MULTIPARTITE QUANTUM STATES 

A. Global entanglement for multipeirtite pure 
states 

At first, let us recall the definition of the concurrence 
vectors [3, 16] for bipartite states. Considering a bipar- 
tite pure state defined in m x n2 dimension, written by 

ni — 1 n2 — 1 

with Y^^Iq^ X^j=o^ = 1- The concurrence vector C 
can be defined by 

C = (Coo, Coi, • • •, C ^i(>ti-i) ..2("2-i) )) 



respectively. C_ 



AiBC) 



is the concurrence of 



Pa(bc) 



with 



where Caf} = {iPab\ Sa/S \'>Pab) ■^it'^ = -Z^a (8) i/?; La, 

a = 1, 2, • • •, and L^, /3 = 1, 2, • • •, n^Il^ are 

the generators of SO{ni) and SO{n2), respectively. The 
length of the vector C (wc call it concurrence throughout 
the paper) hence be given by 



cm 




abi 



C{\'<I^)ab) is entanglement measure for bipartite pure 
states. In particular, Cd'^)^^) can be reduced to Woot- 
ters' concurrence for m = n2 = 2. For multipartite quan- 
tum states, considering the bipartite partitions, the mul- 
tipartite states can be considered as bipartite quantum 
states. Therefore, by the definition above, one can also 
obtain the concurrence of such bipartite states. 

For any bipartite mixed state pab = 

K 



k=l 



AB\ 



defined in ni x n2 dimension. 



the concurrece C{pab) [9] can be given by 



C{pab) = max 



qubits B and C regarded as a single object, tabc is 
shown to be the genuine tripartite entanglement. As an 
extension of tabc (3 tangle), hyperdeterminant in Ref. 
[17] has been shown to be an entanglement monotone and 
represent the genuine multipartite entanglement. How- 
ever, it is easy to find that the hyperdeterminant for 
higher dimensional systems and multipartite system can 
not be cxplictly given conveniently. In particular, so far 
the hyperdeterminant as an entanglement measure has 
not been able to be extended to mixed systems. There- 
fore, the hyperdeterminant is difficult to find the connec- 
tion with the distribution of multipartite entanglement. 
As an extension of eq. (3) or the distribution of entangle- 
ment, by considering the concurrence of bipartite states 
in arbitrary dimension, Ref. [9] has generalized eq. (3) 
to the higher-dimensional systems, multipartite systems 
and mixed systems. However, it is unfortunate that so far 
no one has been able to show whether the residual entan- 
glements obtained in Ref. [9] corresponding to different 
foci [6,9] are equal or not. Hence, strictly speaking, the 
generalized residual entanglement r can not be called the 
exact genuine multipartite entanglement measure before 
TS are proved to be equal. However, we can confirm that 
rs are relevant quantities to genuine multipartite entan- 
glement no matter whether they are equal or not. For 
simplification, we call r n-tangle corresponding to the n 
subscripts of r, e.g. ri234 is called 4-tangle. 

For convenience and without loss of the generality, we 
first consider a 4-partite pure state ^abcd- According 
to Ref. [9], one can obtain the following 10 equalities 
corresponding to different foci, 



Ca{bcd) — Ca{bc) + Cad + '''a{bc)d, 



(4) 



Cb{ACD) — C%(AC) + C%D + '''B{AC)D, (5) 



Cc(ABD) - Cc(AB) + CcD + TC{AB)D, (6) 



i>l 



Here Xj{z) are the singular values of 

ni(ni-l)/2 n2(n2-l)/2 

E E ZajjAafj in decreasing order where 

a=l 0=1 

Aasi = M^/^<P^Safi<^M'^/^ with PAB = 4>M$t being 
the eigenvalue decomposition, and Zaf3 = ya/je*'^"'' are 
optimal parameters with > 0, E 2/0/3 ~ 

a/3 

For tripartite pure quantum states of qubits, based on 

Woottcrs' concurrence, the authors in Ref. [6] have de- 
fined the residual entanglement (or 3 tangle) given by 



TABC 



r<2 ^2 ^2 

'^A{BC) ~ ^AB ~ '-^AC 



(3) 



Cd(bca) — Cd{bc) + Cda + td{bc)a, (7) 



CIaB){CD) — CfAB)C + CIaB)D + T{AB)CD, (8) 



C(AC)(BD) — C(aC)B + C(AC)D + '''{AC)BD, (9) 



^{AD)(BC) 



^(AD)B 



{AD)C +T(AD)BC, 



(10) 



where Cab and Cac are the concurrences of the original 
pure state pabc with traces taken over qubits C and B, 



C{BC)(AD) — CIbC)A + C^BOD + T{BC)AD, (H) 
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^{BD){AC) — ^{BD)A + ^{BD)C + '''{BD)AC', 



One can always eliminate the repeated ones by chang- 
ing the factors before each term in the right hand side. 
(12) The reason is as follows. Take the term C'^cd){ab) 
example. From eq. (8) and eq. (13), one can have 



^lcD)(AB) ~ C'fcD)^ + '^{CD)B + '''(CD)AB, (13) 

where the brackets in the subscripts denote single objects 
and Ca(bc) and Cad denote concurrences of the mixed 
state Pa(bc) and pad which are obtained by tracing over 
qudits the lost indices correspond to from ^abcd; the 
other analogous notations in equations. (4-13) arc defined 
in the similar way. It is worth noting that the permuta- 
tions of the qudits in a bracket do not change the value 
of the left hand side of the equations. But the forms of 
the right hand side of the former four equations (4-7) will 
be changed. Hence considering all permutations of qu- 
dits in the former four equations, there exist two other 
analogous equations [18] corresponding to each of them. 
As given in Ref. [9], the analogous equation to cq. (3) 
has been shown to hold for mixed states. That is to say, 
for any mixed state pohc, 



'abc 



(-,2 



'-'ah 



where Ca{bc) is the concurrence of the mixed state pa{bc) i 
Cab is the concurrence of the mixed state pat which is 
given by tracing over qudit c, Cac is defined analogously 
to Cab- According to the equation for tripartite mixed 
quantum systems given above, we can expand above 
equations (4-13). For example, for eq. (4), we have 

Ca^bcd) = C\b + Cac + tabc + C\j:, + ta{bc)d- (14) 

The others are analogous. Summing all the equations up, 
one can obtain that 



c 



A(BCD) + Cb(ACD) 



+ C: 



C(ABD) 



+ c 



D{BCA 



)(15) 



+CfAB){CD) + CfAC){BD) + CfAD){BC) 



{BC){AD) + C(BD){AC) + C(^CD)(AB) 



- 



'^m{np) 



+ 



- E 



1 

'^m{np)q ~t~ 



m,n,p,qGS 



where S = {A, B,C, D}, Cmn denote the concurrence 
vector of the reduced state pmn, T^{np) the 3-tangle 
of the reduced state Pm{np) corresponding to the focus 
qudit m, and Tm(np)q, Ti^nin)pq are the 4-tangle of pabcd 
corresponding to the foci m and (mn) respectively, whilst 
the bracket is defined the same to that above. From eq. 
(15), it is nicely seen that the right hand side of the equa- 
tion consists of the sum of the squared concurrence (the 
first term), 3-tangles (the second term) and 4-tangles (the 
last two terms). That is to say the left hand side is the 
sum of different entanglement contributions. It is obvi- 
ous that some terms in the left hand side are repeated. 



'-^{CD){AB) 



^{CD){AB) ^ '~^{AB)(CD) 



(16) 



= /(Cmn) + P{Tm(np)) + G{T(^rnn)pq), 



where /(C,^„„) (squared concurrence), F{T,„(np)) (3- 
tangles) and G(T(mn)pg) (4-tangles) are not explicitly 
given. C, 



iCD){AB) 



can be eliminated by Eq. (15) mi- 
nus eq. (16). Analogously, the other repeated terms can 
be eliminated. Hence, we define a quantity named global 
entanglement for the given 4-partite pure state ^abcd 
as 

C{^abcd) (17) 

= {Ca{BCD) + C%(^ACD) + Cc{ABD) + C^{BCA) 
+CfAB){CD) + CfAC){BD) + CfA£))(SC))^^^- 

It happens that every term in the right hand side of eq. 

(17) just corresponds to the squared concurrence of the 
bipartite states generated by bipartition of the given 4- 
partite pure state. In other words, so long as we consider 
all the concurrences of the bipartite states after bipar- 
tite partitions of the given 4-partite state, we can obtain 
the global entanglement. In fact, this conclusion is not 
confined to the case of 4-partite systems. Following the 
above procedure, one can easily prove that the analo- 
gous definition of the global entanglement for a given 
n-partite state can be shown as the sum of all m-tangles 
with m = 2, 3, • • •, n. Therefore, the global entanglement 
for any a state can be given in the following rigorous way. 

Definition:-If we consider the i — to — {N — 
i) bipartite partitions of an A''-partite state \ip), 
there exist Num different bipartite states defined 
in ni{i) x n2{N — i) dimension, where Num = 



Y-(JV-2)/2 pi Ip 
V-(iV-l)/2 pi 



N/2 



N is even 
N is odd 



The global en- 



tanglement C{\ip)) can be defined by 



C(V) 



Q Num 



a=lp=l p=l 



(18) 



in 



where C^^ = (VI 1^) with S^^ = (g> 

a = 1, 2, ■ ■ ■, P and L^, p = 1, 2, • • •, Q are the gen- 
erators of SO{ni) and S0{n2), respectively, with P = 
< « - 1) /2 and Q = (n^ - 1) /2; p = 1, 2, • • •, Num 
denotes the pth bipartite state. 

It is obvious that a multipartite pure state \ip) is fully 
separable if and only if C(|^)) =0. The proof is omitted 
here. 

In particular, when the definition is reduced to the 
tripartite quantum pure states, C{'ijj) can be expressed 
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by 



1 6 3 



(19) 



where C^^ 



(V-I^^^IV*) With 
i/j are the generator of 50(4); o'^ — i^p 
and 5^^^ = {I ® swap) {Lp ® (jy) {I ® swap) with I = 

swap is the swap operator defined as swap = 

Y.^krk' ^ik'Syk \j) (i'l ® \k) {k'\, j, k',j', k = l,2. Recall- 
ing the tensor cube in Ref. [19], one will find that every 
j^^* corresponds to a plane of the cube including 

the surfaces and the diagonal planes (the surfaces are 
corresponded to twice). However, unlike the criterion in 
Ref. [19], the global entanglement has good properties 
which will be discussed in the next section. But 3 more 
complex optimal parameters have to be introduced for 
the case of mixed states compared with Ref. [19]. 

In terms of the equivalent relations between the length 
of concurrence vectors for bipartite pure states and the 
I-concurrence [5], we can rewrite the global entanglement 
of multipartite pure states by 



C(|* 



ABC---N 



» 



P Q Nurn 

EEE 



2{Num- ^ Trpl), 



(20) 



p=i 



where pp denotes the reduced density matrix of bipartite 

pure states corresponding to the p — to — {N — p) par- 
tition of the given multipartite pure state |v[/-4BC - Afy 
It is interesting that eq. (20) is just equivalent to that 
in Ref. [20] in essence. Hence, the global entanglement 
can also account for multi-partite correlations [20], un- 
like Ref. [11,12]. In fact, from the viewpoint that global 
entanglement consists of different entanglement contri- 
butions, the global entanglement also consists of the sum 
of different correlations from physics, which corresponds 
to full separability of a quantum state from mathemat- 
ics. Furthermore, we also show the connection with the 
distribution of multipartite entanglement. In this sense, 
the global entanglement has its own merit, even though a 
single measure can not sufficient to capture all the prop- 
erties of multipartite entanglement completely. In addi- 
tion, one should note the difference between ours and that 
in Ref. [20] Ref. [20] considered all different reduced 
matrices, while we omit the repeated bi-partitions. 



B. Extension to multipartite mixed states 

Analogous to Ref. [3,9], our global entanglement for 
multipartite pure states can be extended to mixed states 



via minimizing their convex roofs, 

C{p)=miJ2^kC{i>''), 



(21) 



where the infimum is to be taken among all possible de- 
compositions such that 



(22) 



Considering C(V') for pure states, C{p) can be written 
by 



P Q Nurn ^ 

EEE ' (23) 

a=l/3=l p=l 



where P, Q and Num are defined the same to the above 
section. 

Following the analogous procedure [9] , one can get 



CM 



E 



P Q Num / \ 

EEE E|(^^^:.^)L 

a=l/3=lp=l \ fe ""J 



P Q Num 
a=l/3=l p=l 



(24) 



fcfc 



where A^^ = M^/^^^ S^^^M^/^ and <^ = 

with y^g > 0, ( j/^g) = 1, the superscript T de- 

a0p ^ ^ 



notes the transpose of a matrix; Furthermore, we con- 
sider the matrix notation of eq. (22) p — '^W^'^ and the 
eigenvalue decomposition p = $M$''' and the relation 
$MV2Tt = Therefore, we obtain 



C(p)>infE 



P Q Num 
Q = l/3=1 p=l 



(25) 



fcfc 



The infimum is given by max Xi{z) — Yl ^ii^) with 

P Q Num 

Xj{z) are the singular values of J2 J2 J2 ^a8^a8- 

a=l/3=l p=l 

Hence we get the lower bound 



C(p) ^ max Xi(z) — }^ Xi(z), 



(26) 



which is analogous to the result in Ref. [3,9]. It is ob- 
vious that eq. (26) is the necessary condition for full 

separability. 

As the applications to test the sufficiency, we evalu- 
ate C(p) for tripartite bound entangled states of qubits 
similar to Ref. [19]. For the bound entangled state [13] 



(27) 
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where {ipi : i = 1,- • -,4} corresponds to 
{|0,1,+),|1,+,0),|+,0,1),|-,-,-)} with ± = (|0)± 
|l))/\/2, one can get that C{p) = 0.1434. 
For Diir-Cirac-Tarrach states [14] 



PDCT = E ^0 l*0) (*0l 



(28) 



cr=± 



fc=01,10,ll 

where |*^) = -i=(|fcifc20) ± |fcifc2l)) with fci and k2 the 

binary digits of k, and ki denoting the flipped fcj, Ref. 
[21] has shown that the state is bound entangled for Xq 
^;Ag — Aio = 0; Aoi = An 
get C{pdct) =0.2158. 
For the bound state [15] 



g. In this case, one can 



Pbound = -i2\GHZ}{GHZ\ + \001}{001\ (29) 

+6|010) (010| +c|011) (011| + - |100) (100| 

c 

+i|101) (101|) + 1|110)(110|), 

where \GHZ) = (jOOO) + jlU)) /V2 and N = 2 + a + 
b + c + 1/a + 1/6 + 1/c, one can easily obtain nonzero 
G {Pbound) for all a = & = 1/c. The algorithm is the 
same to that in Ref. [19]. However we conjecture that 
the sufficiency would be weaker for higher dimensional 
systems. 



For each fc, let {vkui^ki} be a pure-state ensemble re- 
alizing pfe optimally such that 



(30) 



where Y^i^ki = 1, ^fej > and pk = Y^i^ki |V'/c() (V'feij- 
Define aki = Tr^A) ili'ki) (V'fcij) with the subscript (A) 
denoting the big subsystem of bipartite states which in- 
clude subsystem A. Hence, due to the concave C{pp), we 
can get 



kl 



^PkTkl 
kl 



\ 



Num 

2{Num- E 



< 



Nu7n 



2[Num- E Tr{Y,Pkrkic7ki)l], (31) 

Pr = l 



kl 



where {p)p^ denotes the reduced density matrix of p cor- 
responding to the p — to — {N — p) partition of p. Note 
that for any p — to— {N — p) partition of p 



Pp = Tr^A){\^ 



ABC-N 



ABC—N\ 



^PkTr(^A){Pk) = ^Pk^rkiTr(^A) ili'ki) (V'. 



•kl 



C. The properties of the entanglement meeisure 

Now we will show that the global entanglement is 

an entanglement monotone by the similar method to 
that in Ref. [22]. From eq. (20), it is obvious that 

unitary operation on the ith subsystem. Furthermore, 
one can also find from eq. (20)' that C(|*'^^'^ -^)) 
is a concave function of all the reduced density matrix 
Pp. At first, it should be noted that the local opera- 
tions are only performed on a subsystem and the oper- 
ations on one subsystem are independent of how to di- 
vide a multipartite state into a bipartite one. E.g. we 
assume the subsystem A is performed a quantum oper- 
ation {eA,k} with k denoting different outcomes, then 
the final state after the operation is p/ = J^kPkPk 
where pk = rr[£A,fe(|*^^^-^) (*^^^-^|)] and pk = 
(l/Pfc)£A,fe(|*^^'^-'-^)(*'^^^-^|), which directly im- 
plies that SA,k is for the bipartition A — others. For 
the bipartition AB — others, SA,k should be considered 
as £A,k®lB with Ib the identity of subsystem B. There- 
fore, for different bi-partitions, £A,k can always be consid- 
ered as the kronecker product of eA,k and the identities 
of other subsystems which are considered as a big sub- 
system of the corresponding bipartite state. 



= E 



PferfeitTfci, 



kl 



one can obtain that 



i 



ABC-N 



))• 



Num 

2{Num - E TrplJ = C{\^' 

Pr = l 

(32) 

For the mixed state p, let {pk,'>Jjk} be a pure- 
state ensemble realizing p optimally such that C{p) = 
J2kPkG{'^k)- Analogous to the pure-state case, consid- 
ering a quantum operation {£A,k}, there exists the fi- 
nal state pf — ^kPkPfk with pfk corresponding to ev- 
ery ■i/'fe- According to eq. (24), C{tpk) > C{pfk) holds 
for each tpk- It implies YukPkC(^k) > Y^kPk'^i.Pfk) > 
C{pf ), where the last inequahty is due to C(p/) = 
inf ^PfcC(/0/fe). All above show that the global entan- 

k 

giement is decreasing under local quantum operations, 
hence is an entanglement monotone. 



III. CONCLUSION AND DISCUSSION 

We have presented the global entanglement for multi- 
partite quantum systems based on residual entanglement. 



6 



Unlike the previous measure for multipartite quantum 
states, the distinct characteristic of the global entangle- 
ment is that the measure consists of the sum of different 
entanglement contributions. Furthermore, we find that 
the global entanglement can be conveniently obtained by 
the idea of bipartite partitions of a quantum state. The 
measure has been shown to be an entanglement mono- 
tone. It is interesting that the global entanglement for 
tripartite quantum pure states of qubits has been effec- 
tively related to the tensor cube, and to that in Ref. 



[20]. Hopefully the global entanglement can further our 
understanding of multipartite entanglement. 
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